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Abstract
In this work, we establish some existence theorems for solutions to a new class of generalized vector F-implicit complementarity
problems and the corresponding generalized vector F-implicit variational inequality problems in topological vector spaces. No
monotonicity or continuity assumption is imposed; thus we have generalized some recent results from the literature.
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1. Introduction
The complementarity problem theory was introduced and studied by C.E. Lemke [13], R.E. Cottle and G.B. Dantzig
[2] in the early 1960s. Since then it has been applied to many realistic problems (see [2,3,15,20]). In particular, some
important results were obtained in Banach spaces [6–8,13]. In [1,12,16–18], the vector complementarity problem was
studied and its equivalence to the vector variational inequality problem was considered under certain conditions. In
2001, Yin et al. [19] introduced a class of F-complementarity problems (F-CP), which consists of finding x ∈ K
such that
〈T x, x〉 + F(x) = 0, 〈T x, y〉 + F(y) ≥ 0, ∀y ∈ K ,
where X is a Banach space with a topological dual X∗, and 〈., .〉 a duality pairing between them, K a closed convex
cone of X , and T : K → X∗, a mapping F : K → R, a function. They obtained an existence theorem for solving
(F-CP) and also proved that if F is positively homogeneous (i.e., F(t x) = t F(x) for all t ≥ 0 and x ∈ K ) and
convex, the problem (F-CP) is equivalent to the following generalized variational inequality problem (GVIP) which
consists of finding x ∈ K such that
〈T x, y − x〉 + F(y)− F(x) ≥ 0, ∀y ∈ K .
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In 2003, Fang and Huang [5] introduced a new class of vector F-complementarity problems and investigated the
solvability of the class for demipseudomonotone mappings and finite-dimensional continuous mappings in reflexive
Banach spaces. Later, Huang and Li [9] introduced a new class of scalar F-implicit complementarity problems and
the F-implicit variational inequality problems in Banach spaces. In 2006, Li and Huang [14] extended the result for a
scalar case in [9] to the vector case and presented the equivalence between F-implicit complementarity problems and
F-implicit variational inequality problems. They also obtained some new existence theorems for solutions for their
problems. Very recently, Lee et al. [12] obtained a multi-version of Li and Huang’s results.
Our aim is to introduce a new class of vector F-implicit complementarity problems and establish some existence
results for it in topological vector spaces without considering continuity or monotonicity on mappings. Thus we have
generalized some recent results from the literature.
In the rest of this section, we recall some definitions and a preliminary result which are used in the next section.
We shall denote by 2A the family of all subsets of A and by F(A) the family of all nonempty finite subsets of A. A
nonempty subset P of a topological vector space X is called a convex cone if (i) P + P = P , (ii) λP ⊆ P , for all
λ ≥ 0. A cone P is said to be pointed whenever P ∩ (−P) = {0}. Let Y be a topological vector space and P ⊆ Y
be a cone. The cone P induces an ordering on Y (in this case, the pair (Y, P) is called an ordered topological vector
space), which is defined as follows:
x ≤ y ⇔ y − x ∈ P.
The ordering is anti-symmetric if P is pointed. Let K be a nonempty convex subset of a topological vector space X




Γ (x), ∀A ∈ F(K0),
where co denotes the convex hull.
We need the following lemma in the next section.
Lemma 1.1 ([4]). Let X be a topological vector space, K be a nonempty convex subset of X. Suppose that Γ ,
Γ̂ : K → 2K are two multi-valued mappings such that:
(i) Γ̂ (x) ⊆ Γ (x), ∀x ∈ K ;
(ii) Γ̂ is a KKM mapping;
(iii) for each A ∈ F(K ),⋂x∈coA clcoA(Γ (x) ∩ coA) =⋂x∈coA Γ (x) ∩ coA;
(iv) for each A ∈ F(K ), clK (⋂x∈coA Γ (x))⋂ coA = (⋂x∈coA Γ (x)) ∩ coA;
(v) there is a nonempty compact convex set B ⊆ K such that clK (⋂x∈B Γ (x)) is compact.
Then,
⋂
x∈K Γ (x) 6= ∅.
2. Main results
Throughout this section, suppose that X and Y are topological vector spaces and K a nonempty convex subset
of X . Denote by L(X, Y ) the space of all continuous linear mappings from X into Y , and 〈t, x〉 the value of the
linear continuous mapping t ∈ L(X, Y ) at x . Let T : K → L(X, Y ), g, s : K → K , F : K → Y and
N : L(X, Y ) → L(X, Y ) be mappings, and C : K → 2Y a multi-valued mapping with nonempty pointed convex
cone values, that is, C(x) is a nonempty pointed convex cone for each x ∈ K . We consider the following problem,
called the generalized vector F-implicit complementarity problem (GVF-ICP) which consists of finding x ∈ K such
that
〈N (T x), g(x)〉 + F(g(x)) = 0
and
〈N (T x), s(y)〉 + F(s(y)) ∈ C(x), ∀y ∈ K .
The second problem is known as a generalized vector F-implicit variational inequality problem (GVF-IVIP) of finding
x ∈ K such that
〈N (T x), s(y)− g(x)〉 + F(s(y))− F(g(x)) ∈ C(x), ∀y ∈ K .
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Some special cases of (GVF-ICP)
(1) The following vector F-implicit complementarity problem (VF-ICP): finding x ∈ K satisfying
〈 f (x), g(x)〉 + F(g(x)) = 0 and 〈 f (x), y〉 + F(y) ∈ P, ∀y ∈ K ,
is obtained from (GVF-ICP), provided that N and S are identity mappings, T = f and C(x) = P is a closed pointed
convex cone. That problem was studied by Li and Huang [14].
(2) If g is an identity mapping on K , then (VF-ICP) reduces to the vector F-complementarity problem (for short,
VF-CP) which consists of finding x ∈ K such that
〈 f (x), x〉 + F(x) = 0 and 〈 f (x), y〉 + F(y) ∈ C(x), ∀y ∈ K .
(3) If F = 0, then (VF-CP) reduces to the vector complementarity problem (for short, VCP) which consists of
finding x ∈ K such that
〈 f (x), x〉 = 0 and 〈 f (x), y〉 ∈ C(x), ∀y ∈ K ,
which was studied by Chen and Yang [1], for the case C(x) = P,∀x ∈ K .
(4) If L(X, Y ) = X∗ and F : K → R, then (VF-ICP) reduces to the F-implicit complementarity problems (for
short, F-ICP) which consists of finding x ∈ K such that
〈 f (x), g(x)〉 + F(g(x)) = 0 and 〈 f (x), y〉 + F(y) ∈ C(x), ∀y ∈ K ,
which were considered by Huang and Li [9], for the case C(x) = P,∀x ∈ K .
(5) If g is an identity mapping on K , then (F-ICP) reduces to the F-complementarity problem (for short, F-CP)
which consists of finding x ∈ K such that
〈 f (x), x〉 + F(x) = 0 and 〈 f (x), y〉 + F(y) ∈ C(x), ∀y ∈ K ,
which was studied by Yin et al. [19], for the case C(x) = P,∀x ∈ K .
(6) If F = 0, then (F-ICP) reduces to the implicit complementarity problem (for short, ICP) which consists of
finding x ∈ K such that
〈 f (x), g(x)〉 = 0 and 〈 f (x), y〉 ∈ C(x), ∀y ∈ K ,
which was studied by Isac [10,11].
Some special cases of (GVF-IVIP)
As for the case of (VF-ICP), the following vector F-implicit variational inequality problem (VF-IVIP): finding x ∈ K
satisfying
〈 f (x), y − g(x)〉 + F(y)− F(g(x)) ∈ P, ∀y ∈ K ,
is a particular form of (GVF-IVIP), studied in [14].
The following theorem provides the equivalence between (GVF-ICP) and (GVF-IVIP).
Theorem 2.1. (i) If x solves (GVF-ICP), then x solves (GVF-IVIP).
(ii) Let 0 ∈ K , 2K ⊂ K (K is not necessarily a cone) and F : K → Y satisfy F(2x) = 2F(x), for all x ∈ K. If s is
onto and x solves (GVF-IVIP), then x solves (GVF-ICP).
Proof. By the definitions of (GVF-ICP) and (GVF-IVIP), (i) trivially holds. Now let x ∈ K solve (GVF-IVIP); then
〈N (T x), s(y)− g(x)〉 + F(s(y))− F(g(x)) ∈ C(x), ∀y ∈ K . (I)
Since s is onto, there exist y, y′ ∈ K such that s(y) = 0, s(y′) = 2g(x). By substituting s(y) and s(y′) with 0 and
2g(x), respectively in (I), we obtain that
〈N (T x), g(x)〉 + F(g(x)) ∈ −C(x)
and
〈N (T x), g(x)〉 + F(g(x)) ∈ C(x),
and hence 〈N (T x), g(x)〉 + F(g(x)) ∈ C(x) ∩ −C(x).
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Since C(x) is a pointed cone we have
〈N (T x), g(x)〉 + F(g(x)) = 0. (II)
By adding (I) and (II), we obtain
〈N (T x), g(y)〉 + F(g(y)) ∈ C(x)+ C(x) ⊆ C(x), ∀y ∈ K . 
Corollary 2.1 ([14]). (i) If x solves (VF-ICP), then x solves (VF-IVIP).(ii) Let K be a closed convex cone. If
F : K → Y is positively homogeneous and x solves (VF-IVIP), then x solves (VF-ICP).
The following example shows that the assumption that g is onto in Theorem 2.1 is essential.
Example 2.1. Let X = Y = K = R,C(x) = [0,∞); this is known as L(R,R) ≡ R, and T x = F(x) = x ,
s(x) = g(x) = 1, N (x) = x2 for all x, y ∈ K . Then (GVF-ICP) does not have any solution, because
〈N (T x), g(x)〉 + F(g(x)) = x2 + 1 = 0 does not have a solution, while every member of K is a solution of
(GVF-IVIP).
Remark 2.1. It is obvious that if K is a closed convex cone, then 0 ∈ K and 2K ⊂ K , while K = Q, rational
numbers, as a subset of X = R is not a cone, 0 ∈ K and 2K ⊆ K . If F : K → Y is positively homogeneous,
then F(2x) = 2F(x). The following example shows that the converse does not hold in general. These facts show that
Theorem 2.1 improves Theorem 3.1 (Corollary 2.1) in [14].
Example 2.2. Let X = Y = R, K = R, T (x) = 0, s(x) = g(x) = x , for all x ∈ K , and N (y) = 0, for all y ∈ R.
Assume that F : K → Y is defined by
F(x) =
{
x if x ∈ Q,
0 if x 6∈ Q.
One can easily see that F(2x) = 2F(x), for all x ∈ R, but F is not positively homogeneous.
The following theorem improves and extends Theorem 3.2 in [14].
Theorem 2.2. Assume that:
(a) the set {y ∈ coA : 〈N (T y), s(x) − g(y)〉 + F(s(x)) − F(g(y)) ∈ C(y)} is closed in K , for all A ∈ F(K ) and
x ∈ coA;
(b) there exists a mapping h : K × K → Y such that:
(i) h(x, x) ∈ C(x), for all x ∈ K ;
(ii) 〈N (T y), s(x)− g(y)〉 + F(g(x))− F(s(y))− h(y, x) ∈ C(y), for all x, y ∈ K ;
(iii) the set {y ∈ K : h(x, y) 6∈ C(x)} is convex, for all x ∈ K ;
(iv) there exist a nonempty compact subset B and a nonempty convex compact subset D of K such that, for each
x ∈ K \ B, there exists y ∈ D such that
〈N (T x), s(y)− g(x)〉 + F(s(y))− F(g(x)) 6∈ C(x).
Then, a solution set of (GVF-IVIP) is a nonempty relatively compact subset of K .
Proof. We define Γ , Γˆ : K → 2K by
Γˆ (x) = {y ∈ K : h(y, x) ∈ C(y)},
Γ (x) = {y ∈ K : 〈N (T y), s(x)− g(y)〉 + F(s(x))− F(g(y)) ∈ C(y)}.
We show that Γ , Γ̂ satisfy the conditions of Lemma 1.1. By part (ii) of (b), Γ̂ (y) ⊆ Γ (y), for all y ∈ K . We claim that
Γˆ is a KKMmapping. Otherwise, there exist A = {x1, x2, . . . , xn} ⊆ K and z ∈ coA such that z 6∈⋃i∈{1,2,...,n} Γ̂ (xi ).
Hence, h(z, xi ) 6∈ C(z) for i = 1, 2, 3, . . . , n. Now, part (iii) of (b) implies that h(z, z) 6∈ C(z) which contradicts
(i) of (b). From (i) we deduce that for any A ∈ F(K ), the set Γ (x) ∩ coA is closed in K (also closed in coA) for
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each x ∈ coA. This implies that Γ satisfies the conditions (iii) and (iv) of Lemma 1.1. Finally, (iv) ensures that
clK (
⋂
x∈D Γ (x)) ⊆ B. Therefore, Γ and Γ̂ satisfy the conditions of Lemma 1.1. Thus,⋂
x∈K
Γ (x) 6= ∅,
which shows that the problem (GVF-IVIP) has a solution. Since the solution set of (GVF-IVIP) equals the set⋂
x∈K Γ (x) and
⋂
x∈K Γ (x) ⊆ B by (iv), we get that the solution set of (GVF-IVIP) is a nonempty relatively compact
subset of K . 
Remark 2.2. (i) Instead of condition (a) in Theorem 2.2, if we use the condition:
(a
′
) the set {y ∈ K : 〈N (T y), s(x) − g(y)〉 + F(s(x)) − F(g(y)) ∈ C(y)} is closed in K , then the solution set of
(GVF-IVIP) is nonempty and compact.
(ii) If we let the mappings N , T , s, g, F be continuous and the graph of the mapping C : K → 2Y be closed, then
condition (a) of Theorem 2.2 trivially holds. In particular, if we set C(x) = P a closed pointed convex cone,
continuities of the mappings of N , T , g, F imply condition (a) of Theorem 2.2.
The following theorem establishes an existence result for a solution for the (GVF-IVIP).
Theorem 2.3. Let h : K × K → Y be a mapping. Suppose that the following assumptions hold:
(i) h(x, x) ∈ C(x);
(ii) for each x ∈ K, the set {y ∈ K : h(y, x) ∈ C(y)} is closed in K ,
(iii) for each x ∈ K, the set {y ∈ K : h(x, y) 6∈ C(x)} is convex,
(iv) there exist a nonempty compact subset B and a nonempty convex compact subset D of K such that, for each
x ∈ K \ B, there exists y ∈ D such that h(x, y) 6∈ C(x);
(v) 〈N (T y), s(x)− g(y)〉 + F(s(x))− F(g(y))− h(y, x) ∈ C(y), for all x, y ∈ K .
Then the solution set of (GVF-IVIP) is nonempty.
Proof. We define Γ = Γˆ : K → 2K as follows:
Γ (x) = {y ∈ K : h(y, x) ∈ C(y)}.
One can easily check that Γ satisfies all of the conditions of Lemma 1.1. Hence there exists x¯ ∈ K such that
h(x¯, y) ∈ C(x¯), for all y ∈ K .
This and (v) imply that x¯ is a solution of (GVF-IVIP). 
Theorem 2.4. Let K be convex cone, s onto, and let F : K → Y satisfy F(2x) = 2F(x), for all x ∈ K. If the
assumptions of Theorem 2.2 (respectively, Theorem 2.3) are satisfied, then the solution set of (GVF-ICP) is nonempty
and relatively compact (respectively, nonempty and compact).
Proof. The result follows from Theorems 2.1 and 2.2 (respectively, Theorem 2.3). 
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